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Let K be a field, complete with respect to a discrete valuation. We are 
concerned here with the classification problem for composition algebras over 
K, or, more precisely, with its reduction to the corresponding problem over 
the residue class field K. We proceed along the usual lines, i.e., by extending 
the valuation of k, and by considering residue class algebras. Our main 
results show in particular that, pathologies of characteristic two being ignored, 
the Cayley algebras over k are determined by the Cayley algebras and 
quaternion algebras over K. This may be used, for example, to find the exact 
number of isomorphism classes of Cayley division algebras over the field 
of formal power series in n 2 1 indeterminates with real coefficients. Stimu- 
lated by examples presented in [3], we finally study the group G = Aut(C) 
where C is an unramifield Cayley algebra over K (see 3 for the definition). 
Defining “ramification groups” in the usual fashion, we construct an infinite 
“normal series” for G such that, under suitable restrictions of the charac- 
teristic, all but a finite number of factors in that series may be described 
completely in terms of data over K. 
It is intended to apply these results to exceptional simple Gordan algebras 
in another paper. 
1. In the sequel, we will have to consider valuations of alternative 
algebras. The definition is the usual one: Given an alternative division ring A, 
a map x F-+ 1 x 1 from A into the set R, of all non-negative real numbers is 
said to be a valuation if it satisfies identically the obvious conditions 
WI 
(W 
(V3) 
IxI=Oex=O, 
IXYI = 1x1 IYI, 
I * + Y I G K SUP0 x Is I Y I) 
for some positive real number K. 
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w being a valuation of A, the numbers j x 1 where x varies over the non-zero 
elements in A make up a group, called the valuegroup of A (with respect to w), 
and written as I’(A, v). v is said to be non-archimedean if (V3) holds with 
K = 1. In that case, 
R/, ={x~A:jxI <l} 
is a subring of A containing 
mA ={xEA:/xI <l} 
as its unique maximal ideal. The complement RA - m, agrees with the set 
R; of invertible elements in R, . The quotient 2 = R,/m, is an alternative 
division ring, called the residue class ring of A (with respect to o); we shall 
always indicate by x H= z the canonical morphism from RA onto 2. D is 
said to be discrete if it is non-trivial and I’(A, TJ) forms a discrete subgroup of 
Rf , the group of all positive real numbers. If this is so, there exists a unique 
q > 1 such that T(A, v) = q =. As usual, we define an order function 
ord:A+Zu{a}bysettingord(O) = ccandlx] =q+rd(s)forO #xEA. 
ord(x) is called the order of x (with respect to v); elements of order 1 are 
called prime elements (with respect to v). 
Many properties of the type of valuation considered here may conveniently 
be proved by appealing to the valuation theory for Jordan rings established 
in [6]. The connection is as follows: A, v being as above, write A+ for the 
quadratic Jordan division ring attached to A [4, 51. Recall that A and A+ 
have the same identity elements, and that the cubic operation of A+ sends 
(x, y) E A x A into xyx. It therefore follows from the definitions at once that 
o is a valuation of A+; also, in the language of [6], F(A+, v) = T(A, u) and 
A+ = A+. To illustrate the usefulness of passing from A to A+, assume v to 
be discrete. Then, of course, it is discrete as a valuation of A+, so, by [6], w is 
non-archimedean. 
2. In dealing with composition algebras, some caution is necessary 
over fields of characteristic two. We therefore recall the basic facts essential 
for our purposes; the reader may consult [2] f or more detailed information on 
the subject. Let k be an arbitrary field. A non-associative algebra C over k, of 
finite or infinite dimension, is said to be a composition algebra if it contains an 
identity, and there exists a quadratic form N on C satisfying 
(i) N(ab) = N(a)N(b) for all a, b E C, 
(ii) the symmetric bilinear form 
(x, Y) - W, Y) = N(x + Y) - N(x) - N(Y) 
is non-degenerate. 
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Thus, in characteristic two, the purely inseparable extensions of exponent 
one, including the base field itself, are not to be regarded as composition 
algebras. 
Every composition algebra C over K is alternative and has the dimension 2*, 
0 < n < 3. Every element a E C, together with the identity e of C, generates a 
subalgebra K[u] of dimension at most 2. The quadratic form in the definition 
above is uniquely determined by C, and will henceforth be written as Nc . 
The map xt-+x * = Nc(e, x)e - x is an involution, called the standard 
involution of C. If C contains zero divisors other than zero, it is said to be 
split. Any two split composition algebras of the same dimension over k are 
isomorphic, and their structure is explicitly known; the classification problem 
for composition algebras is thus reduced to classifying composition algebras 
without zero divisors. 
Suppose now that the dimension of C does not exceed 4. Given a non-zero 
element K E k, define a multiplication on the k-space C x C as follows 
(a, b, c, d E C): 
(a, b)(c, d) = (ac + K d*b, da + bc*). 
The resulting algebra, which we shall denote by (C, K), is again a composition 
algebra containing an isomorphic copy of C. Its associated quadratic form is 
given by the formula 
If, conversely, we are given a composition algebra C’ over k containing 
properly an isomorphic copy of C, there exists a non-zero K E k such that C’ 
contains an isomorphic copy of (C, K). The passage from C to (C, K) is 
sometimes referred to as the Cayley-Dickson process. 
Writing Cx for the set of invertible elements in C, or, what amounts to the 
same, of anisotropic vectors relative to Nc , the following assertion is an 
immediate consequence of (1). 
LEMMA 1. Let C be a contposition akebra of dimension at most 4 over k and 
K E kx. Then (C, K) is a division algebra if and om!y ;f K does not belong to the 
group N,(F). 
3. From now on it will be assumed that the base field k carries a 
discrete valuation v with respect to which it is complete. In accordance with 
the notations introduced in 1, we write R, for the corresponding valuation 
ring, ntlc for the maximal ideal in R, , K for the residue class field of k. Let us 
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indicate by 01 t+ & the canonical morphism from R, onto K, and by R$ the 
group of invertible elements in R, . 
PROPOSITION 1. Let C be a composition algebra without zero divisors over k. 
Then v extends uniquely to a valuation vc of C. vc is discrete, and, writing [ x / 
for the value of vc at x E C, we have 
(2) 1 x j = INc(x)Il’2. 
The residue class ring C of C relative to vc may canonically be regarded as an 
algebra over k, and, as such, it is either a composition algebra or a purely 
inseparable k-extension of exponent 1, the latter alternative being possible only for 
char K = 2. 
If we define vo by (2), (Vl) and (V2) clearly hold; also, by [6, Satz 5.11, it is 
a discrete valuation of the quadratic Jordan algebra Cf. Hence, altogether, vc 
is a discrete valuation of C extending v. Conversely, any extension of v to a 
valuation of C is a valuation of Cf, and so is the same as vo , again by [6, 
Satz 5.11. Clearly, the first residue class form N’ of No in the sense of [9], 
being (well) defined by N’(x) = N,(x) for x E R, , is anisotropic and satisfies 
N’(ab) = N’(a)N’(b) for all a, b E C. The remainder of Proposition 1 follows 
from this at once. 
Notations being as in Proposition 1, C has finite dimension over K. This 
number is called the residue class degree of C, and is written as fc . Also, the 
value group r(C, vc) of C contains I’(k, v) as a subgroup of finite index. 
This number is called the ramification order of C, and is written as e, . Every 
isotope of the quadratic Jordan algebra Cf being isomorphic with C+, it 
follows easily from what has been said before that the numbers fc , e, agree 
with the corresponding notions for C+ as defined in [6]. We may therefore 
apply [6, Satz 6.3, Korollar 1 ofProp. 6.41, and obtain 
PROPOSITION 2. Let C be a composition algebra without zero divisors over k. 
Then 
ecfc = dim C, 
and e, < 2. 
By Proposition 1, if K has characteristic different from two, the residue class 
algebra of a composition algebra without zero divisors is itself a composition 
algebra. In general, however, this need not be so. With some effort, one may 
construct examples for the following situation: k has characteristic zero, C 
is a Cayley division algebra over k, and C is a purely inseparable extension of 
exponent 1 and degree 8 over K. Pathologies of this kind will not be pursued 
481/29/3-3 
418 HOLGER P. PETRRSSON 
here any further. It therefore seems appropriate to agree upon the following 
terminology, which differs slightly from the usual one: A composition algebra 
C over k is said to be ran@ied (resp., unramified) if 
(i) C is a division algebra, 
(ii) C is a composition algebra over K, 
(iii) e, # 1 (resp., e, = 1). 
For example, if C is a ramified (resp., unramified) Cayley algebra over k, it 
follows from Proposition 2 that C is a quaternion (resp., a Cayley) algebra 
over K. 
4. We now take up the problem of classifying the (un-)ramified 
composition algebras over k, complete information about the composition 
algebras over K being assumed. To this end, the following auxiliary results 
will be needed. 
LEMMA 2. Let C be an unramiJed composition algebra over k. Given 
p E Rz and x E Rz such that p s N,(x) mod m, , there exists a y E Rs such 
that p = N,(y). 
If C = k, the above definitions show that K has characteristic different from 
two; hence, in this case, our assertion is an immediate consequence of Hensel’s 
Lemma. Let us now assume C # k. Then C # R, and there exists an element 
u E Rg such that &z] C C is separable over K. Thus, k[u] C C is separable 
and unramified over k, and we may invoke [8, Chap. V, Prop. 31 to conclude 
that NJ1 + ntr& = 1 + mk . In particular, pNc(x)-l belongs to the 
left-hand side of this equation, which completes the proof. 
Given a composition algebra C without zero divisors over k and sub- 
algebras B, B’ of C, C, respectively, we shall say that the residue class algebra 
of B is canonically isomorphic with B’ if the natural morphism Rc -+ C sends 
RB onto B’. 
LEMMA 3. Let C be a ramiJied OY unrami$ed composition algebra over k, 
and let B’ be a composition subalgebra of c. Then C contains an unram$ed 
composition subalgebra B whose residue class algebra is canonically isomorphic 
with B’. 
Put dim B’ = 2”, 0 < m < 3. Utilizing the Cayley-Dickson process, it is 
easy to find elements x, ,..., x,,, E Rc whose images r1 ,. .., X, in C generate B’ 
(as to the case m = 0, it is to be understood that the empty set generates the 
onedimensional algebra containing the identity). Write B for the subalgebra 
of C generated by x1 ,..., x,,, . Since any two elements in C generate an 
associative subalgebra, it follows easily that the dimension of B does not 
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exceed 2” . B, on the other hand, if interpreted as a subalgebra of C in the 
natural fashion, contains B’. Lemma 3 now follows from Proposition 2. 
Next, we shall analyze the behavior of the ramification order under the 
Cayley-Dickson process. 
PROPOSITION 3. Let C be an unramified composition algebra of dimension at 
most 4 over k. Then, for every prime element n of k, (C, rr) is a rami$ed composi- 
tion algebra whose residue class algebra is isomorphic with C. Given prime 
elements 97 1 , nS of k, the following statements are equivalent. 
(i) (C, 9) and (C, rr2) are isomorphic. 
(ii) ~a = or mod Nc(Cx). 
(iii) z E Iv@). 
Since C is unramified, and in view of (2), the elements NC(x), as x varies 
over C, all have even order in k; in particular, n does not belong to Nc(Cx), 
and hence, by Lemma 1, (C, r) is a division algebra. Also, as 1 rr 11j2 lies in the 
value group of (C, rr), this algebra is ramified, its residue class algebra, 
because of Proposition 2, being isomorphic with C. Now put Cj = (C, rj) 
for-j = 1, 2, and assume (i). Then N,l(C,) = Nc,(C,), so, by (l), --~a = 
N,(a) - TIN,(b) for some a, b E C. After what has been said above, this 
implies 1 7r2 1 = sup(jN,-(a)I, 19 I I IV,-(b)l) and hence N,(b) E Rz , N,(a) E ntk2. 
(iii) is now clear. (ii) follows from (iii) by means of Lemma 2. Finally, 
assuming (ii), we have 7r2 = qNe(‘c) for some u E R$ , and it may be readily 
verified that the map (x, y) ++ (x, uy) is an algebra isomorphism from (C, rr2) 
onto (C, 7rr). 
PROPOSITION 4. Let C be an unramr~ed composition a&ebra of dimension at 
most 4 over k. Conssder an element K E R,X not contained in N,(P). Then (C, K) 
is an unrami$ed composition algebra over k whose residue class algebra is 
isomorphic with (C, I?). 
By Lemma 1, (C, K) is a division algebra. We fix a, b E C and contend 
(3) I@, b)l = SUP(I a I, I b I>. 
To show this, we may assume a = e and j b / = 1. Then, in view of Proposi- 
tion 1 and (l), the left-hand side of (3) is 11 - KNc(b)j1/2. If this is assumed 
to be less than one, Lemma 2 shows that K is contained in N,(O), which we 
have ruled out. This completes the proof of (3). Accordingly, Rt,,,) and 
“%,d 9 as R,-modules, agree with R, x R, and mc x nt, , respectively. 
From this one easily concludes that the residue class algebra of (C, K) is 
isomorphic with (C, E). 
We are now ready to establish our main results. 
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THEOREM 1. Let c’ be a composition algebra without zero divisors over k. 
Then there exists an unramafied composition algebra Cover k, uniquely determined 
up to an isomorphism, such that e is isomorphic with C’. 
Theorem 1 is known to hold for separable field extensions in the place of 
composition algebras. We may therefore proceed inductively and assume that 
C’ has the form (II’, I?) where B’ is a composition algebra over 6 for which 
Theorem 1 holds, and K belongs to R i . By the induction hypothesis, there 
exists an unramified composition algebra B over R whose residue class algebra 
is isomorphic with B’. As E is not in ie(B’x), K is not in Ne(Bx), so, by 
Proposition 4, C = (B, K) behaves as desired. Let also A be an unramified 
composition algebra over K whose residue class algebra is isomorphic with C’. 
Then there exists a surjective morphism q~ RA + C’ which is semilinear with 
respect to the projection R, --f K and has the kernel mA . By Lemma 3, 
A contains an unramified composition subalgebra B, such that q~ sends Re, 
onto B’. Therefore, again by the induction hypothesis, BI is isomorphic with 
B, and we may identify A with (B, p) where p is a unit or a prime element in k 
and q~ sends Rs onto B’. Assuming TV to be prime would, by means of Proposi- 
tion 3, lead to the contradiction that A was ramified; hence TV is a unit. The 
image j under q~ of the element (0, 1) of (B, /J) is clearly orthogonal to B’. 
Therefore, writing j’ for the element (0, 1) in C’ = (B’, i?), there exists 
some x E Rg such that j = %f. This implies p = KNB(x) mod ntk , so we 
may apply Lemma 2 to find a y E Rg satisfying TV = KNB(y). Hence A is 
isomorphic with C, which completes the proof. 
THEOREM 2. Let C’ be a composition algebra without zero divisors of 
dimension at most 4 over k, and denote by C an unramifed composition algebra 
over k whose residue class algebra is isomorphic with C’. Then every ram$ed 
composition algebra over k whose residue class algebra is isomorphic with C’ is 
isomorphic with (C, rr) for some prime element v of k. There is a bijection from 
the set of isomorphism classes of ramijied composition algebras over k whose 
residue class algebras are isomorphic with C’ onto the thegroup hx/N,(C’X). 
By Lemma 3, a ramified composition algebra B over k whose residue class 
algebra is isomorphic with C’ contains an unramified composition subalgebra 
17, whose residue class algebra is isomorphic with C’. By Theorem 1, C, is 
isomorphic with C, so B may be identified with (C, rr), rr E kx, and we may 
choose rr to be prime, following Proposition 4. We now fix a prime element rrO 
in k and conclude from Proposition 3: The map which sends the isomorphism 
class of B into the class of rrolrr mod N,(C’X), easily seen to be well defined, 
is a bijection of the desired kind. 
COROLLARY. Lemma 2 also holds for “ramified” composition algebras. 
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Indeed, let C, r be as in Theorem 2, put B = (C, P) and consider elements 
p E R: , (x, y) E Rg (x, y E C) satisfying p z NB((x, y))(nQ. As C is 
unramified, we obtain x E Rg , p = Nc(x)(mk) from (1) and may apply 
Lemma 2. 
Assuming K to be a field whose composition algebras are explicitly known, 
the theory developed above may be used to extend this knowledge to the 
field K((T, ,..., T,)) of formal power series in rz indeterminates Tr ,..., T, 
over K. In particular, a repeated application of Theorem 2, evidently 
necessary for this purpose, is being made possible by the following easy 
observation: Let C be a composition algebra without zero divisors over K, 
K being as above, such that C is a composition algebra over h. Then our 
theory implies the existence of a prime element n in K which induces the 
exact sequence 
(4) 1 + N,(0) -+ KX % (ZjmZ) x KX/N&?) --f 1, 
where m is 1 or 2 according as C is ramified or not and v is defined by 
cp(a) = (ordK(a) mod m, CGT-O~~~(~) mod NC(G)) 
for a E kX. In the special case K = R, this leads to the following result: 
The exact number m(t) (n E N, t = 2,4, 8) of mutually non-isomorphic 
t-dimensional composition algebras without zero divisors over R((T, ,..., T,)) 
is described by the formulas 
m(2) = 2n+1 - 1, 
m(4) = ;(2en+l + l), 
1 
m(8) = E (23n + 7(22” + 2n+1) - 1). 
To show this, we put K, = R((T, ,..., T,)) (n EN) and have K, = R, 
K = K,-, for n > 0. Applying (4) to C = K = k, , we conclude 
(5) [kx,: k:“] = 2n+1 
by induction on n and thus obtain the desired formula for m(2). Let C be a 
composition algebra without zero divisors over k, . Define a sequence 
(Ci)oGi~n of composition algebras Ci without zero divisors over kt inductively 
by C, = C, Ci, = c (1 < i < n); this sequence will be called the residue 
class series of C. Also, define an integer p(C), henceforth referred to as the 
ramzjkation type of C, as follows: Put p(C) = 0 if n = 0 or Ci is unramified 
for 1 < i < n; otherwise, let p(C) stand for the unique integer p such that 
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1 < p < n, Ci is unramified for p + 1 < i < n and CD is ramified. The 
first of the next two lemmas is an immediate consequence of Theorem 1. 
LEMMA 4. Let t = 2,4, 8. Then, up to an isomorphism, there exists 
precisely one t-dimensional composition algebra without zero divisors over k, 
having ramification type zero. 
LEMMA 5. Let K be a quadratic extension of k, . Then the index of iV,(Kx) 
in kx is 2”f1 or 2” according as K has ram$ication type zero or not. 
There is no harm in assuming n > 0. Write (K&,G~~~ for the residue class 
series of K and p = p(K) for its ramification type. By (4) we obtain 
[k;: I$(KX)] = 2”-B[k;: N,P(K;)], 
which settles the case p = 0. For p > 0, we note that K, is ramified over k, 
and apply (4), (5). 
By Theorems 1 and 2 we have 
(6) dt) = m-l(t) + 1 EL: N,(BX)I 
B 
for n 2 1, where the sum is being taken over a full set of representatives 
for the isomorphism classes of (t/2)-dimensional composition algebras 
without zero divisors over k,-, . (6) in conjunction with the formula for m(2) 
as well as Lemmas 4 and 5 gives 
m(4) = m-1(4) + 2” + (2n - 2)2”-1 = y&4) + 22n--1, 
from which the formula for m(4) follows by induction. To treat the case 
t = 8, we require 
LEMMA 6. Let B be a quaternion division algebra over k, , (B&,(-$,, its 
residue class series, p its ramiJcation type. Then 
p+1 
’ I ’ 
if p=o, 
[k,x: N,(Bx)] = 2”, if P > 0, PPL) = 0, 
p-1 if P > 0, P(B,-,) > 0. 
Assuming n 3 1 and applying (4) we get 
[k;: NB(Bx)] = 2+P[k;: NBP(B,x)]. 
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This settles the case p = 0. Now let p > 0. Then B, is ramified, its residue 
class algebra BPml being a quadratic extension of k,, . Hence, as (4) gives 
[k:: N,(B’)] = 2’+“[k;-_,: AL&&)], 
Lemma 5 applies and yields the desired result. 
LEMMA 7. For 1 < p < n, the exact number of mutually non-isomorphic 
quaternian division algebras B over k, satisfphg p(B) = p, p(B,+J = 0 
(where (BJ,,G~G~ d eno es t th e residue class series of B) is 29. 
By Lemma 4, the above conditions determine BSel uniquely. Hence, by 
appealing to Theorem 2 and Lemma 5, we see that there remain 
[k;-1: N&%-d1 = 23 
possibilities for B, , and, since Theorem 1 shows that B, uniquely determines 
B, this completes the proof. 
Now, using the formula for y,(4) as well as (6) and Lemmas 4, 6,7, we 
obtain 
n-1 
y,(8) = y&3) + 2” + 24 1 2P 
II=1 
+ p-2 
( 
; (22”~1 + 1) - y 2p - 1) 
p=1 
= m-48) + 22(n-1) + ; (23’“-1’ + 2”). 
The explicit formula for y,(8) follows from this by induction. 
5. One of the central results in [3] states that the automorphisms of a 
split Cayley algebra over any field of characteristic not two form a simple 
group. It is also shown that this result does not extend to Cayley division 
algebras. More precisely, in the language of the present paper, the example 
presented in [3] is nothing else than the unique unramified Cayley algebra 
over the field R((T)). W e s a now describe this example more accurately h 11 
in a more general context. 
Keeping our previous notations, we let C be an unramified Cayley algebra 
over k. In the usual way, the valuation vo induces a norm I] I] on the 
k-algebra End,(C): ]I u[l = suplrl<r 1 OX I. Put G =Aut(C) and, for iEZ, 
i>-1, 
Gi = {u E G: ux = x mod m2:” for all x E R,). 
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The equation / ux j = / x j for all u E G, x E R, , implies 
Also, Gi is a normal subgroup in G, called the i-th ram$cation group of that 
group. Because of 
(4) Gi = G n {u E GL(C): j/ o - id 11 < q-u+l)}, 
where q stands for the generator > 1 of the value group of R, Gi is open in G, 
and n+, Gi = {id}. Th ere obviously exists a canonical embedding of G/G,, 
into the automorphism group of C. We shall now construct a similar 
embedding (into another group) for the quotients GJG,,, (i 3 0). Fix a 
prime element 7r in K, and, for (T E Gi , put u’ = u - id. Then, in view of (4), 
~-(i+%’ leaves invariant R, and in,, its induced linear map of C being 
denoted by 6. Also, for x, y E R, , we have 
o’(xy) = (U’X)Y + X(U’Y) + (~‘X>(U’Y). 
Multiplying with nrr-u+l) and reducing mod m, , we may conclude: 8 is a 
derivation of C. Quite similarly, the map u H 6 from G into Der(C), the 
latter merely being regarded as an additive group, is seen to be a homomor- 
phism with kernel G,+r . Hence we obtain an embedding Qi: GJG,,, + 
Der(C). 
THEOREM 3. Let C be an unramified Cayley algebra over k. Writing p for 
the character&c of 6, and Gi (i E 2, i > - 1) for the i-th ramijcation group of 
G = Aut(C), we have: 
(i) For p # 2, G/G,, is isomorphic with Aut(C). 
(ii) Forp # 2,3 and char k = 0, Gz/Gi+, is isomorphic with the additive 
group of Der(C) provided i exceeds 
ord p 
-1 or -- 
p-l I 
according asp is zero or not. 
By [3, Theorem 21, the group Aut(C) is generated by its elements of order 
two. Therefore, in order to establish (i), it s&ices to prove the following: 
Given a quaternion subalgebra B’ of C, the reflexion in B’, which is defined 
as being the identity on B’ and its negative on the orthogonal complement, is 
induced, via reduction mod m, , by an element of G. To this end, one simply 
applies Lemma 3 to find an unramified quaternion subalgebra B of C whose 
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residue class algebra is canonically isomorphic with B’. Then the reflexion of 
C in B is easily seen to induce the reflexion of c in B’. This completes the 
proof of(i). We now turn to the proof of (ii) and start with a derivation D’ of c. 
It is well known [7, Cor. 3.291 that D’ is inner, i.e., there are a, ,..., a, , 
b 1 ,..., b, E C satisfying 
D’ = 5 D(aj , bj). 
j=l 
Here, D(a, b), a, b being contained in an arbitrary alternative ring, is defined 
as follows: Write x I-+ L, , R, for the left, right multiplication of that ring, 
respectively, and put 
D(a, V = [La , &,I + Pa , &I + Pa , RCA, 
where, as usual, [a, b] denotes the commutator ab - ba. Now choose inverse 
Images x1 ,..., X, , y1 ,..., ym E R, of the a, ,..., a, , b, ,..., b, and put 
D = d+l f D(xi , yj). 
j=l 
D is a derivation of C having norm < q++l), and D’ is the linear map of e 
induced by rr -ti+l)D in the usual way. 
Let us insert here a technicality. Assume p > 0, write a given integer 
n > 0 in terms of itsp-adic expansion, i.e., 
N 
n = C u,pj (Uj E Z, 0 < Uj <p - l), 
j=O 
and put s, = a, + .‘. + a,. Then a well-known argument, reproduced in 
[l, p. 701, for example, leads to the formula 
(5) ordn! = (ordp)s. 
P--l 
Hence, in our original situation, and for i being as indicated in (ii), 
u = exp(D) is well defined and an automorphism of C. We claim u E Gi and 
Qi(aGi+J = D’. Because of (4), and since 11 D jl < q-ti+l), it suffices to prove 
/I u’ - D 1) < q-(i+2), which in turn will follow from 
/I II g < q-‘i+2’ (n 3 2). 
This relation obviously being valid for p = 0, we assume p > 0 and note 
that it is implied by the inequality ord n! < (n - l)(i + l), which follows 
easily from (5) and the assumptions on i. 
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